Preface
As for gravity waves of permanent type on water surface, existence theorems have been presented by many authors since Levi-Civita (1925) .
But yet it seems to have no simple proof which covers all cases. On the other hand, the calculation scheme for practical computation of these waves has been unified in a simple formula (ClH)j an^ it has already been shown that the result of the approximate calculation is in a good agreement with experimental fact (H2]).
This unified calculation formula is based on a formulation to determine a holomorphic function in a unit circle with some nonlinear boundary condition on the circumference, and in the case of infinite water depth it just agrees with Levi-Civita's formulation itself. Hence we want to extend the proof of the latter to our general case. But as for the case of solitary wave, i.e., the case of infinite wave length, and of the highest wave, i.e., the case having angular crests, the asking holomorphic function has the corresponding singular point on the unit circle, so it is difficult formally to extend, and our effort is yet unsuccessful. Therefore in the following we deal with the case of the periodic wave having round crests and our method is based on extending directly Herbert Beckert's proof (C^H) concerning with the case of infinite depth to our case.
The author wishes to acknowledge her indebtedness to Hikoji Yamada for suggesting this problem and also to Reiko Sakamoto, under whose direction this paper has been accomplished.
Problem
As for the transformation onto a unit circle, we refer to Ql] and summarize it in the following:
We treat permanent gravity waves on water of uniform depth. And we suppose that our waves are periodic and are symmetric about the vertical line through the crest and observe the waves on the water from the coordinates system 0-xy which follows after the waves as fast as the waves, so that the wave form stands fixed relative to the axes, and water flows steadily from left to right (say). The origin 0 is at one wave crest, the A;-axis is horizontal and directed to right, the y-axis vertical and upward. We consider a water region ABCOC'B' (Fig. a) . which is independent of y because of our wave form. When we denote = |v|e-" 5)
LIZ
| v I and 6 are the speed and the direction of flowing water, 6 being the angle measured upwards from the horizontal direction (to right). Denoting \v\/U by q and log q by r, 5) becomes to
the field quantity £(*) being defined by the relation:
Evidently J2(,z) is holomorphic at every interior point of the water region, and may have singular points at the boundary of the region. Along the streamline which constitutes the free surface of water a constant atmospheric pressure prevails, and by Bernoulli's equation we have r= const 7)
or differentiating this along the arc s of the stream line we have
where 6 is the inclination of free surface. Moreover we have along the streamline and put
And because of our wave form, it takes the horizontal velocity at points under crest or trough, or at the bottom, i.e.. When we take dz along the free surface this is equal to ds e t0 and has to correspond to d£ = ie i(7 do~ on the unit circle C = e*°" 3 o~ being the arc length of the unit circle. The correspondence is given by 11) and by use of the expression 5') we have
The complex potential function W(z}
The boundary condition 8) is transformed on the unit circle | C I -1 the C-pl-as follows:
where p is defined by
13) (13')) is the boundary condition for the determination of $(C) 3 and p is the eigenvalue which has to be determined simultaneously with J2(C). From p the wave velocity U follows at once. d) ^ ^ = 7-(7-is a given constant 0<r<l).
Proof of Existence
Let ^v(0<v<l) be the Banach space which consists of functions / defined on 5, which is represented by f= /(^)(-TT <^"<7r), with the norm defined by where H v (f} is the Holder constant of /, i.e., )= sup , iw --
In the following, we fix some v(0<v<l) and consider subsets of namely Q, which consists of functions satisfying following relations 2) 0(ff)>;0 for 0<0-<> and Q, which is included in Q and functions in Q satisfy the inequality
3)
Now taking some 0 E Q and putting it into (1), we can consider (1) as the differential equation of r = r(<7) and integrating it, we get the Hence we get T) . We consider a mapping T p which maps 0(6) £ Q to 0*(<7). Now our problem is reduced to looking for a fixed point of T p .
Then it comes into question whether we may find a subset of Q which satisfies the condition of Schauder's fixed point theorem, namely whether there may be a closed convex set in Q which T p maps into itself continuously and completely continuously. Although 0(0") = 0 is one of fixed points, we want to show that there are nontrivial fixed points in the following. Our proof is based on the following two theorems about conjugate functions : First of all, we get the following estimation from (3')
In fact, since deQ, it holds F(tf)>0 in the interval -7i<(T<^7i. Then It has been shown that the image of Q with respect to T p is included in Q, but generally it is not included in Q. then .fi(C) is one of which we ask for.
